We explain some details of the construction of composite operators in N = 4 SYM that we have elaborated earlier in the context of Lorentz harmonic chiral (LHC) superspace. We give a step-by-step elementary derivation and show that the result coincides with the recent hypothesis put forward in arXiv:1603.04471 within the twistor approach. We provide the appropriate LHC-to-twistors dictionary.
Introduction
In this note we explain some details of the construction of composite operators in N = 4 SYM elaborated in [1] in the context of Lorentz harmonic chiral (LHC) superspace. There we gave a rigorous proof of the construction using Lorentz harmonics. The harmonic formalism [2, 3] is essentially equivalent [4, 5, 6 ] to the twistor approach, although there are some conceptual differences. The twistor construction of composite operators has been pioneered in [7, 8] in the aim of proving the duality between correlators on the light cone and light-like polygonal Wilson loops [9, 10] . However, the construction presented there is incomplete and is based on a 'natural guess'. The first complete treatment of a composite operator in the twistor framework has been given in [11] for the chiral truncation of the stress-tensor multiplet, but it applies only to that specific case. A general construction valid for all kinds of composite operators has been developed in [1] using the conceptually simpler LHC approach. The authors of the recent note [12] have applied the twistor construction of composite operators from [7] to the calculation of MHV form-factors initiated earlier in [13] . They have realized that the existing twistor construction does not lead to the correct result. In order to reproduce the known form-factors they put forward a hypothesis how to adjust the twistor construction of scalar composite operators (the bottom components of, e.g., the Konishi supermultiplet and others). Here would like to emphasize that our LHC construction proposed earlier in Ref. [1] not only gives the same result but it also provides a step-by-step derivation of the twistor-based hypothesis of [12] . We show that the twistor formulae from [12] coincide with the harmonic formulae from [1] and we provide the appropriate LHC-to-twistors dictionary.
We hope that this note will help to build a linguistic bridge between the twistor and harmonic communities.
N = 4 SYM in Lorentz harmonic chiral superspace
In Ref. [1] the N = 4 SYM theory has been reformulated in terms of Lorentz harmonic analytic superfields. This off-shell formulation is closely related to the twistor approach of L. Mason et al [14, 15, 16] . It has the chiral (Q) supersymmetry and the SU (4) R-symmetry of the N = 4 SYM theory manifest. The price to pay for having half of the supersymmetry explicit off shell is the infinite number of auxiliary fields and pure gauges of arbitrarily high spin. In order to handle them conveniently we introduce auxiliary variables, the so-called Lorentz harmonics [2, 3, 17, 18, 19, 20, 21] . This situation is not new, it is very reminiscent of the off-shell formulation of the N = 2 hypermultiplet in harmonic superspace with an infinite set of auxiliary fields [2, 17] .
We work in Euclidean four-dimensional space with Lorentz group SO(4) ∼ SU (2) L × SU (2) R . The left and right factors act on the undotted and dotted Lorentz indices of the space-time coordinates xα α = x µσαα µ , respectively. The harmonic variables u + α and u − α are a pair of SU (2) L spinors forming an SU (2) L matrix:
This implies the normalization condition u +α u − α = 1 and the complex conjugation rules (u + α ) * = −u −α and (u +α ) * = u − α (the SU (2) indices are raised and lowered with the twodimensional Levi-Civita tensor, u α = ǫ αβ u β with ǫ 12 = −1). The harmonics provide a global description of the compact coset S 2 ∼ SU (2) L /U (1), so that their indices ± refer to the U (1) charge. In what follows we deal with nonlocal expressions in harmonic space depending on multiple sets of harmonics (copies of S 2 ). The U (1) symmetry is local, i.e. all the expressions are covariant with respect to the U (1) transformations of the harmonics on each copy of S 2 . At the same time SU (2) L is a global symmetry, i.e. it acts simultaneously on the indices α, β, . . . of all the harmonics.
The (super)fields we are going to use are harmonic functions. They are defined by their harmonic expansion on S 2 ,
and carry a definite charge (degree of homogeneity) q. Each u−monomial is a spherical harmonic of spin n+q/2 in a coordinateless realization. From (2.2) it is clear that the harmonic functions are collections of infinitely many finite-dimensional irreducible representations of SU (2) L (totally symmetric multispinors). So, a harmonic field f (q) (x, u) consist of an infinite number of ordinary multispinor fields f α 1 ...αm (x). The differential operators compatible with the normalization condition u +α u − α = 1 are the covariant harmonic derivatives
having the meaning of the raising and lowering operators of SU (2) L , and the Cartan charge ∂ 0 of SU (2) L which counts the U (1) charge of the harmonic functions, ∂ 0 f (q) (u) = qf (q) (u). These three derivatives form the algebra of SU (2) L ,
The restriction to functions on SU (2) L with definite charge gives a particular realization of the harmonic coset SU (2) L /U (1). An important property of the harmonic functions of zero charge is that they become constants if they satisfy the constraint
It follows directly from the expansion (2.2) or from the fact that (2.5) defines an SU (2) L highest weight of charge zero, hence a singlet. We also need an SU (2) L invariant harmonic integral on S 2 . It amounts to extracting the singlet part of a chargeless integrand, according to the rule
In particular, du = 1. This rule is compatible with integration by parts for the harmonic derivatives (2.3). The harmonics allow us to decompose, in a Lorentz covariant way, the chiral odd superspace variables θ αA (with A = 1, . . . , 4 being an SU (4) R-symmetry index) into a pair of odd variables θ +A and θ −A ,
We use superfields of two types: chiral harmonic superfields Φ(xα α , θ αA , u) and Lorentzanalytic (L-analytic) chiral superfields Φ(xα α , θ +A , u). L-analyticity is a kind of Grassmann analyticity and it means that the superfields do not depend on θ −A . L-analytic superfields are covariant only with respect to the chiral Q-half of supersymmetry, but the antichiral Q-supersymmetry is not manifest. By abuse of language we call them superfields although, strictly speaking, they are semi-superfields.
Alongside with the harmonic derivatives we define harmonic projected odd and space-time derivatives,
An L-analytic superfield Φ(xα α , θ +A , u) satisfies the analyticity condition ∂ + A Φ = 0. In order to formulate the N = 4 SYM theory we consider gauge transformations whose parameter Λ(x, θ + , u) is an L-analytic chiral superfield of vanishing U (1) charge. Then all the derivatives except for ∂ 0 and ∂
The infinitesimal gauge transformations of the connections A have the usual form
The gauge connections A ++ and A + α for the derivatives ∂ ++ and ∂ + α are the main objects of the N = 4 SYM theory, or the gauge prepotentials. They are L-analytic chiral superfields, 
The first relation in (2.12) is a harmonic differential equation for the unknown harmonic connection A −− in terms of the given A ++ . It has a unique solution which is non-polynomial in A ++ [22, 3] ,
13) is local in (x, θ) space but nonlocal in harmonic space. Once we have found A −− , the remaining gauge connections and all the (super)curvatures can be directly expressed in its terms. For example, the second relation in (2.12) enables us to find the gauge connection A − A ,
14)
The familiar degrees of freedom of the on-shell N = 4 vector multiplet are obtained after eliminating an infinite number of auxiliary fields and pure gauges contained in the harmonic expansions of the prepotentials A ++ and A + α . By means of a gauge transformation (2.10) we can fix the Wess-Zumino gauge
It leaves only the 6 scalars φ AB , the 4 chiral gluinos ψ A α and the self-dual Lagrange multiplier
Further, the infinite set of auxiliary fields contained in A + α is eliminated by imposing constraints which are equivalent to equations of motion. In [1] we identified the relevant constraints as
By partially solving the first of them the field content of A + α is reduced to the gluon A αα and the four antichiral gluionsψα A ,
In addition, the first equation in (2.16) imposes the constraint ∇α α G αβ = 0 (with ∇α α = ∂α α + Aα α ) and the second equation implies F αβ = G αβ , where F αβ is the self-dual part of the YM curvature F µν . Let us emphasize once more that in order to identify the familiar gluon, gluinos and scalars we have to first eliminate all the auxiliary fields and pure gauges. This automatically puts the remaining physical fields on shell. For completeness we also show the component content of A −− , eq. (2.13) (Abelian or free case):
The equations of motion (2.16) can be derived from the following off-shell action [1] :
Here L CS is a Chern-Simons-like Lagrangian, which is L-analytic and involves both prepotentials A ++ and A + α . It describes the self-dual sector of the theory [23, 24, 25] . The second term L Z is chiral, but not L-analytic. It involves only the prepotential A ++ and has a form coinciding with the N = 2 SYM action in harmonic superspace as given by Zupnik [22] . The role of this term is to complete the self-dual sector to the full super-Yang-Mills theory [14] . The pure YM truncation of the action (2.19) is a first-order formulation using the Lagrange multiplier G αβ for the YM curvature F αβ [26] .
Concluding this brief overview of the LHC formulation of N = 4 SYM, a few words about the equivalent twistor approach. In it the harmonics u + α are replaced by holomorphic spinor coordinates λ α on CP 1 fibers. The harmonic derivative ∂ ++ corresponds to the twistor derivative∂| x,θ . The local U (1) charge of the harmonic functions (2.2) corresponds to the degree of homogeneity of the functions on the (super)twistor space CP 3|4 with coordinates Z = λ β (ǫ βα , ixα β , iθ βA ). The gauge connections A ++ and A + α are replaced by a (0,1)-form A which lives on CP 3|4 [16] . The L-analyticity of A ++ and A + α implies that the (0,1) form A depends on the holomorphic projection χ A = λ α θ αA of the odd variable θ but is independent of λ α θ αA , whereλ is the Euclidean conjugate of λ. So, λ andλ are the analogs of the harmonics u + α and u − α , respectively. The physical fields are extracted from A by an integral Penrose transform [27] , that corresponds to picking out the first term in the harmonic expansion (2.2). The harmonic measure du ∼ (u +α du + α )(u −β du − β ) carries zero U (1) charge, while in the twistor approach the projective measure Dλ = λdλ (the equivalent of u +α du + α ) has degree of homogeneity 2. The simple integration rule (2.6), based on SU (2) L covariance, is replaced by contour integration on CP 1 . The main conceptual difference between the twistor and harmonic approaches is the absence of a twistor analog of the harmonic gauge connection A −− and of the associated SU (2) L algebraic structure (2.4). The notion of A −− is very useful and makes the construction of composite operators in the next section straightforward and very easy.
Composite operators
The standard formulation of the on-shell N = 4 vector multiplet uses the supercurvature W AB (x, θ,θ) = −W BA appearing in the defining constraints [28] 
and satisfying the reality condition W AB = 1 2 ǫ ABCDW CD . These constraints imply the equations of motion. Given the supercurvature W AB (x, θ,θ) one can construct all the gaugeinvariant local operators in the theory. For example, among the simplest bilinear operators of twist two one finds the Konishi multiplet
and the protected half-BPS multiplet in the 20 ′ of SU (4)
The LHC (or the equivalent twistor) formulation makes only the chiral half of supersymmetry manifest. The chiral truncation (obtained by settingθ = 0) of the supercurvature W AB (x, θ) appears in the covariantized anticommutation relation {∂ 
The expression on the right-hand side is manifestly antisymmetric in A, B, so the constraint has been solved. Thus, the chiral W AB is obtained from the harmonic gauge connection A −− by acting with two odd harmonic-projected derivatives. We see that the gauge connection A −− for the harmonic derivative ∂ −− is the only object we need for constructing chiral supercurvatures and composite operators. According to (2.13), A −− is itself expressed in terms of the L-analytic prepotential A ++ , and we can rewrite eq. (3.5) directly in its terms,
Our construction guarantees the covariance of the supercurvature under the gauge transformations (2.10) with an L-analytic parameter Λ,
Let us check this using the explicit expression (3. 
with Φ → Λ and we obtain (3.7). The supercurvature carries U (1) charge zero and gives rise to an infinite expansion (2.2) in the harmonic variables. However, it is (covariantly) harmonic independent in the sense that ∇ ++ W AB = 0 (recall (2.5)). Indeed, the defining equation for the gauge connection
This implies that the dependence on the harmonics can be eliminated by going to another gauge frame (see the next section), although this step becomes unnecessary for composite gauge invariant operators constructed out of W AB (x, θ, u). For example, consider the chiral Konishi multiplet defined in (3.2). It is easy to see that in fact it does not depend on the harmonic variables. Indeed, we act on K(x, θ, u) with the harmonic derivative ∂ ++ , eq. (2.3), which is replaced by the covariantized harmonic derivative under the trace. Then (3.9) implies
Since K carries U (1) charge zero, the property (2.5) yields its independence of the harmonics, K(x, θ, u) = K(x, θ). We thus see that although the supercurvature W AB depends on the harmonics, the gauge invariant operators formed from it are harmonic independent. If one prefers to see the harmonic independence manifestly, one can integrate K(x, θ, u) on S 2 , K(x, θ) = du K(x, θ, u) according to eq. (2.6).
The operators we consider are gauge invariant, so we have the right to substitute in (3.5) the expression for A −− in the Wess-Zumino gauge, eq. (2.18). From this we see that only the scalars φ, chiral gluinos ψ αA and the Lagrange multiplier G αβ contribute to the chiral truncation K(x, θ). What about the composite operators including the anti-chiral gluinosψα A and the YM covariant derivatives ∇α α ? They all live in the non-chiral sector of K(x, θ,θ) and are not present in the chiral truncation K(x, θ). In [29] we explained in detail how to reconstruct the non-chiral sector by means ofQ-supersymmetry transformations. It is in this sector that the second prepotential A + α starts playing its role. This concludes our summary of the construction of gauge invariant composite operators first presented in [1, 29] .
Bridges and frames
Now we would like to discuss in some more detail the relationship between the Lorentz harmonic and twistor approaches. We show that all the equations from Sect. 3 are immediately translated into the twistor language, with some small adjustments. In particular, in the twistor framework one intensively uses the notion of a 'parallel propagator' [14, 30, 31] . Here we show how to construct it in the harmonic framework and we argue that it is not really necessary, at least for the purpose of constructing composite operators. The arguments presented here follow closely the harmonic interpretation [4] of the Ward construction of instantons, as well as the formulation of N = 2 SYM in harmonic superspace [2] .
In the preceding Section we worked in the so-called analytic gauge frame, in which the gauge connections transform with an L-analytic parameter Λ, eq. (2.10). It is possible to switch to the so called τ -(or central) frame [2, 14] . There the SU (2) L algebra of harmonic derivatives becomes flat and but ∂ + A acquires a gauge connection instead,
The 'bridge' relating the analytic and τ -frames has the form of a generalized finite gauge transformation h(x, θ, u) [2, 4] . In particular, h −1 ∇ ++ h = ∂ ++ and h −1 ∂
In the τ -frame the gauge transformations of the superfields are δ τ A = ∇τ with ∇ = ∂ + A. The parameter τ = τ (x, θ) is chiral and does not depend on the harmonics, since the harmonic derivatives are flat. The bridge h undergoes gauge transformation with respect to both the analytic and τ -frames,
In Sect. 3 we discussed the supercurvature W AB (x, θ, u) (3.6) in the analytic frame. It depends on the harmonic variables, but is covariantly harmonic independent, eq. (3.9). Using the bridge h we can strip off the dependence on the harmonics, thus obtaining the familiar chiral supercurvature W AB (x, θ),
which is the truncation of the full supercurvature W AB (x, θ,θ) in (3.1) forθ → 0. We emphasize once more that the elimination of the harmonics according to eq. (4.3) is an unnecessary step if one is interested in constructing gauge invariant objects out of W AB . Indeed, the bridge transformation (4.3) obviously drops out from, e.g., the Konishi multiplet (3.2).
The bridge h can be found by solving the differential equation ∇ ++ h(x, θ, u) = 0. However, due to the τ -frame gauge freedom (4.2), the solution for h is not unique. Nevertheless, it is possible to combine a pair of h bridges into the so-called 'parallel propagator' U (x, θ; u, v) which depends on two sets of harmonics u and v,
In [31] U (u, v) is interpreted as a holomorphic Wilson line. We prefer to call it a bridge between two analytic frames. It is inert under the τ -frame gauge transformations but transforms with respect to both analytic frames,
The bridge U satisfies the same differential equation on S 2 as the bridge h, supplemented with a boundary condition:
This makes the solution unique, given by the formula [31]
with
Notice that all the local U (1) charges are balanced in (4.7). The differential equation in (4.6) can be easily checked along the lines of the proof in Sect. 3.3 of [1] that A −− (2.18) solves its defining equation (2.12) . The boundary condition in (4.6) follows from the factor (u + v + ) in (4.7). The bridge U looks very similar to the prepotential A −− , eq. (2.13). Indeed, the latter is obtained as the limit of the former [6] ,
In the harmonic approach we prefer to deal with the harmonic gauge connection A −− which suffices to construct gauge-invariant objects. The bridges h and U are thus superfluous for this purpose. Finally, using the bridge U we can rewrite eq. (3.6) in an equivalent form by distributing the two odd derivatives on the various prepotentials A ++ in the expression for A −− (2.13),
where we specify only the harmonic dependence since all the fields are sitting at the same (x, θ) point; the lower index u in ∂ + u;A ≡ u +α ∂ αA specifies the harmonic projection. The first line in eq. (4.9) has been proposed in [7] (in twistor notation) as a natural guess for the construction of composite operators. However, such an expression cannot be gauge covariant by itself, as clearly follows from our derivation. One does need two total odd derivatives acting on A −− , recall (3.8). The second line in eq. (4.9) restores the gauge covariance. One can strip off the dependence on the harmonic u in eq. (4.9) according to eq. (4.3). As a result, the leftmost and rightmost factors of U in (4.9) are replaced by bridges h, recall (4.4). The bottom component of this expression, i.e. W AB (x, θ = 0) = φ AB (x), has been put forward in [12] , eq. (12), as a proposal.
We hope that our discussion clearly shows that eq. (4.9) is equivalent to eq. (3.6) which appeared earlier in [1] . Moreover, our argument explains the simple geometric origin of the construction of composite operators.
